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We investigate transport and thermoelectric properties of hybrid systems based on a single-level
quantum dot and one superconducting lead. The other lead is generally normal-metallic ferro-
magnet. In the latter case single-particle transport is spin-polarized. Our main interest is in the
interplay of Andreev tunneling of Cooper pairs and single-particle tunneling. The latter is responsi-
ble for relatively large thermopower and figure of merit due to a diverging density of single-particle
states at the superconducting gap edges. System with ferromagnetic and superconducting leads can
also reveal spin thermoelectric phenomena. Finite superconducting gap is considered within the
BCS theory, and the thermoelectric coefficients are calculated by means of nonequilibrium Green’s
function technique within Hartree-Fock like approximation with respect to the intradot Coulomb
interaction.
PACS numbers: 72.25.-b,73.23.-b,73.50.Lw,73.21.La,74.45.+c,74.55.+v
I. INTRODUCTION
Thermoelectric properties of nanoscale systems have
been recently attracting much attention, mainly due to
expected applications in nanoelectronic devices for con-
verting heat to electric energy. Though such a conver-
sion is known since many decades, the conversion effi-
ciency needs further improvement. This efficiency is usu-
ally measured by the dimensionless thermoelectric fig-
ure of merit ZT = σS2T/κ, where T stands for tem-
perature, σ is the electric conductivity, S is the See-
beck coefficient (thermopower), whereas κ is the total
(phonon plus electronic) thermal conductivity.1–3 Thus,
to enhance the conversion efficiency in bulk materials
one should increase the thermopower S and electric con-
ductivity σ and/or reduce the thermal conductivity κ.
This, however, turns out to be rather difficult due to the
Wiedemann-Franz law4 and Mott relation5.
An alternative way to enhance the thermoelectric effi-
ciency is to use nanoscale systems, where some enhance-
ment of the figure of merit appears when reducing dimen-
sions of the system.6–13 This, in turn, may lead to viola-
tion of the Wiedemann-Franz law.14,15 Such systems usu-
ally have reduced thermal conductance, which addition-
ally contributes to the enhancement of ZT .16 Following
this, interest in thermoelectric phenomena has revived
in recent years, and thermoelectric properties of devices
based on quantum dots (QDs) and other low-dimensional
systems have been investigated both experimentally17–21
and theoretically22–33. It has been shown, for instance,
that electron correlations in the dot strongly influence the
thermoelectric effects in the Kondo regime34–41. Apart
from this, the thermoelectric phenomena in multiple
quantum dots were shown to reveal a variety of inter-
ference effects, including Fano and Dicke resonances42,43.
When transport is spin polarized due to magnetic
electrodes, one may also observe the spin Seebeck phe-
nomenon. While the conventional Seebeck effect de-
scribes electrical voltage generated by a temperature
gradient, the spin Seebeck effect corresponds to ther-
mally generated spin voltage. Indeed, such an effect
was observed experimentally in thin films44,45 and tun-
nel junctions,46,47 and was also studied theoretically in
transport through other nanoscale systems.23,24,48,49 It
is also worth to note that thermoelectric properties of
magnetic multilayered structures remarkably depend on
relative alignment of magnetizations in neighboring mag-
netic layers50.
Although, superconductors perfectly conduct electric
current and simultaneously are poor thermal conductors,
they exhibit very small thermoelectric response51. In
the low-temperature limit, the transport occurs mainly
through Andreev states. The problem is that these states
are symmetrically located with respect to the Fermi
level (due to particle-hole symmetry) and thus no ther-
mopower can be expected. Therefore, to observe ther-
moelectricity one has to break the particle-hole symme-
try. This can be done easily in hybrid systems based on
quantum dots, where breaking of the particle-hole sym-
metry can be achieved by tuning external gate voltage.
Moreover, the particle-hole asymmetry in such systems,
and thus the magnitude and sign of the thermoelectric
response, can be electrically tuned in a controllable man-
ner. Moreover, tuning the dot’s energy level εd above the
superconducting gap ∆ allows tunneling of hot electrons
from a normal metal electrode to empty quasiparticle
states in the superconductor (above ∆), which results in
a finite thermopower. When the dot’s level is located
below the gap (εd < ∆), the cold electrons from filled
quasiparticle states can tunnel to the empty states of a
normal metal, contributing to the thermopower as well.
Thus, by a proper tuning of the gate voltage applied to
the dot both magnitude and sign of the thermopower can
be manipulated.
Thermoelectric effects in QD-based hybrid structures
have been rather weakly investigated. Much more at-
2tention has been paid to junctions of normal metals
and superconductors, working as refrigerator52–56, single-
electron radio-frequency cooler57, heat transistor58 and
diode59, or brownian refrigerator60 bearing resemblance
to a Maxwells demon61. Substantial enhancement of the
performance and power of cooling has been achieved in
cascade electronic refrigerator62. Furthermore, Mazza
et al.
63 have shown that electronic heat and charge
currents in a multi-terminal device with normal and
superconducting leads can flow in different reservoirs,
which can be considered as heat-charge current separa-
tion. Other devices like a heat engine consisting of a
voltage-biased Josephson junction coupled to two reso-
nant cavities64, or thermal modulator providing a full
control of the phase engineering of electronic heat cur-
rent at the nanoscale65 have been also suggested. Apart
from this, Kleeorin et al. have demonstrated that Joseph-
son junction with a quantum dot placed between two su-
perconductors can reveal highly tunable thermoelectric
properties and a significant thermal response66.
Although vast literature on transport properties of
QDs coupled to normal and superconducting leads al-
ready exist,67–81 only a few papers address thermoelectric
properties82–84. Moreover, mainly, the Andreev trans-
port regime was investigated in three-terminal devices,
where thermoelectricity appeared between normal metal
leads in the presence of an additional superconducting
contact67,85–87. Remarkably less attention has been paid
to transport though QDs coupled to ferromagnetic and
superconducting leads.85,88–91 Thermoelectric properties
of such systems are very weakly explored,82,83 though
recent observation of spin-dependent thermoelectric cur-
rents in superconductor-ferromagnet tunnel junctions in
a high magnetic field has shown the Seebeck coefficient
much larger than commonly found in metallic struc-
tures92.
Therefore, in this paper we consider thermoelectric
properties of a single-level quantum dot attached to one
ferromagnetic metallic and one superconducting lead.
We include Coulomb correlations in the dot84,93, which
is often dropped for the sake of simplicity82,83,94. The
basic thermoelectric characteristics are derived using
the nonequilibrium Green function method. Since the
Coulomb correlations are taken in the Hartree-Fock ap-
proximation, the formalism is relevant for temperatures
above the Kondo temperature. We consider a general sit-
uation, where charge transport appears due to Andreev
tunneling of Cooper pairs as well as due to over-barrier
tunneling of single electrons. The former transport dom-
inates at low temperatures, while the latter becomes rele-
vant when the thermal energy is comparable to the super-
conducting gap. Since Andreev tunneling itself does not
give rise to thermal conductance and thermopower in the
linear response regime, the latter tunneling process be-
come then crucial. However, we show that Andreev tun-
neling has a remarkable impact on thermoelectric prop-
erties when the single-electron tunneling processes are
present. When single-particle transport is spin-polarized
FIG. 1. Schematic picture of quantum-dot based thermo-
electric device. Quantum dot is coupled to the left metallic
(ferromagnetic) lead with the strength ΓFσ and to right su-
perconducting electrode with the strength ΓS. In the case of
ferromagnetic lead the two spin channels are coupled to the
QD with different strengths. We assume the left lead is kept
at higher temperature than the right one which is intuitively
illustrated by colors.
(Andreev current is not spin polarized), the system may
also reveal spin thermoelectricity. Moreover, since the
density of states at the edges of the superconducting gap
is very high and rapidly changes with energy, the ther-
mopower as well as the thermoelectric efficiency, both
conventional and spin, can achieve relatively high values.
In Section II we describe the model of the system and
present a general background on the thermoelectric prop-
erties. In Section III we present the corresponding nu-
merical results for the QDs with large on-site Hubbard
parameter, so these are only singly-occupied. In section
IV we consider the role of Coulomb interaction in the
dot. Finally, Section V includes summary and general
conclusions.
II. THEORETICAL DESCRIPTION
A. Model
The system under consideration consists of a single-
level quantum dot attached to one metallic ferromagnetic
and one superconducting lead, as shown schematically in
Fig.1. Such a system can be modeled by the following
general Hamiltonian:
H = Hc +HQD +HT . (1)
The first term, Hc, represents Hamiltonian of the
external leads: Hc = HL + HR. Here, HL =∑
k
∑
σ εkLσc
†
kLσckLσ describes the ferromagnetic lead
in the non-interacting quasi-particle approximation, as-
sumed to be on the left (L) side, with εkLσ represent-
ing the spin-dependent electronic spectrum. In turn, HR
stands for the BCS Hamiltonian of the superconducting
(right) lead in the mean field approximation,
HR =
∑
k
∑
σ
εkRc
†
kRσckRσ
+
∑
k
(
∆∗ckR↓c−kR↑ +∆c
†
−kR↑c
†
kR↓
)
, (2)
where εkR denotes the relevant single-particle energy
spectrum (independent of spin orientation) and ∆ =
3|∆|eiΦ stands for the order parameter of the supercon-
ductor. Accordingly, |∆| denotes the superconducting
gap, whereas Φ is the relevant phase. In the problem
considered here the phase factor Φ is irrelevant as there
is only one superconducting lead and therefore it will be
omitted in the following.
The second term in Eq.(1) describes a single-level
quantum dot and has the form,
HˆQD =
∑
σ
εσd
†
σdσ + Un↑n↓, (3)
where εσ denotes the dot’s energy level, which can be
spin-dependent (σ =↑, ↓) in a general case. The param-
eter U stands for the Coulomb energy of two electrons
residing in the dot.
The last term of the Hamiltonian (1) describes tunnel-
ing of electrons between the leads (L,R) and the dot,
HT =
∑
kσ
∑
i=L,R
(V i
kσc
†
kiσdσ +H.c.), (4)
with V i
kσ, for i = L,R, denoting the relevant tunneling
matrix elements between the dot and i-th lead. Further-
more, we assume that these matrix elements are indepen-
dent of k and σ, V i
kσ ≡ V i. Coupling of the dot to the
ferromagnetic, i = L, lead can be then parameterized by
ΓσL = 2pi|V L|2ρσL, where ρσL is the spin-dependent density
of states in the ferromagnetic lead. Within the wide band
approximation these coupling parameters become inde-
pendent of energy and can be considered as constant.
Introducing the spin polarization of the ferromagnetic
lead, p = (ρ+L − ρ−L )/(ρ+L + ρ−L ), where ρ+L (ρ−L ) is the
spin majority (minority) density of states, the coupling
parameters can be written in the form, ΓσL = (1+ σ˜p)ΓL,
with ΓL = (Γ
↑
L + Γ
↓
L)/2 and σ˜ = 1(−1) for σ =↑ (↓).
We assume ↑ corresponds to spin orientation of spin-
majority electrons. Similarly, coupling to the supercon-
ducting electrode in the corresponding normal state is
denoted as ΓR = 2pi|V R|2ρR, and is independent of spin
orientation and of energy. This coupling becomes mod-
ified in the superconductiong state, as will be described
in the following.
B. Charge current
Charge current J flowing in a biased system from left
to right can be calculated from the following formula73:
J =
∑
σ
Jσ ≡ ie
2~
∑
σ
∫
dε
2pi
{
[ΓσL − ΓσR]G<σ (ε)
+ [fσL(ε)Γ
σ
L − fR(ε)ΓσR][Grσ(ε)−Gaσ(ε)]}11 , (5)
where Gr,a,<σ are the retarded, advanced, and lesser
Green’s functions in the matrix form, while Γσβ (for
β = L,R) denote the couplings to the leads (also in the
matrix form). More specifically,
ΓσL =
(
ΓσL 0
0 Γσ¯L
)
(6)
for the coupling to the magnetic lead, where σ¯ ≡ −σ,
and
ΓσR = ρR(ε)ΓR
(
1 −σ˜ ∆|ε|
−σ˜ ∆|ε| 1
)
, (7)
for the coupling to the right lead in the superconducting
state, with
ρR(ε) =
|ε|θ(|ε| −∆)√
ε2 −∆2 (8)
denoting the superconducting density of states. Finally,
fσL(ε) describes the Fermi-Dirac distribution in the ferro-
magnetic lead, assumed to be spin dependent,
fσL =
(
f(ε− eVσ) 0
0 f(ε+ eVσ¯).
)
, (9)
while fR = f(ε) diag(1, 1) is the Fermi distribution for
the superconducting lead assumed to be independent of
the spin orientation.
To derive the lesser Green’s function we apply the
Keldysh relation,
G<σ = G
r
σΣ
<
σG
a
σ, (10)
whereas the lesser self-energy can be obtained from the
following formula:
Σ<σ = Σ
<
Lσ +Σ
<
Rσ = i(f
σ
L(ε)Γ
σ
L + fR(ε)Γ
σ
R), (11)
which is valid for interactions taken in the mean field
approximation.
The retarded Green’s function Grσ(ε) has been ob-
tained from the Dyson equation,
Grσ = [(g
r)−1σ +Σ
r
σ]
−1, (12)
with grσ denoting the retarded Green’s function of the dot
isolated from the leads, and Σrσ = Σ
r
Lσ+Σ
r
Rσ represent-
ing the retarded self-energy which describes interaction
between the QD and electrodes. The retarded Green’s
function grσ has been derived from the relevant equation
of motion. In turn, the retarded self-energy due to cou-
pling to the ferromagnetic lead, ΣrLσ, taken in the wide
band approximation acquires the form,
ΣrLσ = −
i
2
(
ΓσL 0
0 Γσ¯L
)
, (13)
whereas the self-energy due to coupling to the right (su-
perconducting) lead takes the form
ΣrRσ = −
i
2
ρ˜R(ε)
(
ΓR −σ˜ ∆|ε|ΓR
−σ˜ ∆|ε|ΓR ΓR
)
, (14)
where ρ˜R(ε) denotes the dimensionless modified BCS
density of states in the superconductor,
ρ˜R(ε) =
|ε|θ(|ε| −∆)√
ε2 −∆2 +
εθ(∆− |ε|)
i
√
∆2 − ε2 . (15)
4It is worth noting that the coupling matrix to the right
lead, ΓσR, is proportional to the nonmodified BCS density
of states, see Eq.(7), while the self-energy (14) is propor-
tional to the modified BCS density of states ρ˜R(ε).
Making use of the above equations and taking into
account the identity, Grσ − Gaσ = −iGrσΓσGaσ, with
Γσ = ΓσL+Γ
σ
R, the current expression (5) simplifies to the
Landauer-like formula. When the bias voltage is applied
to the system, with the electrochemical potential of the
ferromagnetic lead equal to µσL = eVσ and electrochem-
ical potential of the superconducting electrode equal to
zero, µR = 0, the current can be written as a sum of
current JS due to single particles and current JA due to
Andreev transmission,
J =
∑
σ
Jσ =
∑
σ
(JSσ + J
A
σ ), (16)
with
JSσ =
e
h
∫
dε[fL(ε− eVσ)− fR(ε)]T Sσ (ε), (17)
JAσ =
e
h
∫
dε[fL(ε− eVσ)− fL(ε+ eVσ¯)]TAσ (ε). (18)
with the corresponding transmission functions T Sσ (ε) =
[GrσΓ
σ
RG
a
σΓ
σ
L]11 and T
A
σ (ε) = G
r
12σ[Γ
σ
LG
a
σΓ
σ
L]21.
C. Thermoelectric coefficients
Now we consider thermoelectric coefficients, and will
distinguish between the situations with and without spin
voltage. Consider first the latter case, i.e. the absence
of spin voltage. This corresponds to the conventional
thermoelectricity.
1. Conventional thermoelectricity
Assume now independent of spin chemical potential
in the ferromagnetic lead, µσL = µL, i.e. Vσ = V .
Charge current is then given by Eqs (16-18) where we
put Vσ = V . In turn, the heat current JQ flowing out of
the ferromagnetic lead can be written as
JQ =
∑
σ
(JSQσ + J
A
Qσ), (19)
with JSQσ denoting the contribution due to single particle
tunneling in the spin channel σ,
JSQσ =
1
h
∫
dε(ε− µL)[fL(ε− eV )− fR(ε)]T Sσ (ε), (20)
and JAQσ denting the contribution due to Andreev tun-
neling,
JAQσ = −V
e
h
∫
dε[fL(ε− eV )− fL(ε+ eV )]TAσ (ε). (21)
In the linear response regime the equations for charge
current (16 to 18) and heat current (19 to 21)) can be
written as
J =
∑
σ
Jσ ≡ e
∑
σ
Lσ11δµ+
e
T
∑
σ
Lσ12δT, (22)
JQ =
∑
σ
JQσ ≡
∑
σ
Lσ21δµ+
1
T
∑
σ
Lσ22δT, (23)
where δT is the difference in temperatures of the leads,
and δµ = eδV , with δV being the voltage drop between
the two electrodes. According to our assumption, the
chemical potential and temperature of the left electrode is
δµ and T+δT , respectively, whereas of the right electrode
are µ = 0 and T . Note, that in the linear response regime
both δµ and δT are infinitesimally small. Thus, JQ is
then the heat current flowing from the left to right lead.
In Eqs. (22) to (23) the integrals Lσnm (n,m = 1, 2;σ =↑
, ↓) are of the form
Lσ11 = −
1
h
∫
dε
∂f
∂ε
[
2TAσ (ε) + T
S
σ (ε)
]
, (24a)
Lσ12 = L
σ
21 = −
1
h
∫
dε(ε− µ)∂f
∂ε
T Sσ (ε), (24b)
Lσ22 = −
1
h
∫
dε(ε− µ)2 ∂f
∂ε
T Sσ (ε). (24c)
Note, Andreev tunneling does not contribute to heat cur-
rent in the linear response regime (and thus does not
contribute to the heat conductance).
The thermopower S is defined as the the ratio of the
voltage drop δV generated by the temperature difference
δT , S = −δV/δT , taken in the absence of charge current,
J = 0. Thus, taking into account Eq.(22) and Eq.(23),
one obtains the following formula for the Seebeck coeffi-
cient:
S = −
[
δV
δT
]
J=0
=
1
eT
∑
σ L
σ
12∑
σ L
σ
11
. (25)
Similarly, the charge conductance G can be expressed in
terms of the integral (24)a as1
G = e2
∑
σ
Lσ11, (26)
while the thermal conductance can be written as
κ =
1
T
(∑
σ
Lσ22 −
[
∑
σ L
σ
12][
∑
σ L
σ
21]∑
σ L
σ
11
)
. (27)
Note, the thermal conductance is defined by the heat
current in the absence of charge current. Finally, the
figure of merit ZT is given as ZT = GS2T/κ.
2. Spin thermoelectricity
Here, we consider the situation, when spin voltage due
to spin accumulation in the external ferromagnetic lead
5becomes relevant, eg. due to long spin relaxation time
or when an external spin dependent bias is applied to
the system. Then, we have to take into account spin
splitting of the chemical potential in the leads. In a gen-
eral case, temperature may also be different in different
spin channels. However, we neglect this assuming T in-
dependent of σ. This may be justified as the energy re-
laxation time is much shorter than the spin relaxation
one. Now spin thermoelectricty becomes relevant and to
determine the corresponding thermoelectric efficiency we
will also need the spin conductance. The, charge, spin
and heat currents can be expressed by formulas similar
to Eqs (22) to (23), but with δµ being explicitly spin de-
pendent, δµ → δµσ, and Lσnm including now derivative
of spin dependent Fermi distribution function.
Since the bias is now spin dependent, the difference in
chemical potentials, δµσ, in the spin channel σ can be
written as
δµσ = eδVσ = e(δV + σˆδV
s), (28)
where δV is the conventional voltage and δV s is the spin
voltage24. Of course, δV s = 0 in the absence of spin
accumulation.
Charge and spin currents can be written as J =
GδV + (2e/~)GsδV s, where G and Gs are the linear
charge and spin conductances. In turn, the spin current
can be written as Js = GsδV + (~/2e)GδV s.
The thermopower can be calculated on the condition
of vanishing simultaneously both spin current and charge
current, or equivalently on the condition of vanishing
charge current in each spin channel. As a result, one
can define spin dependent thermopower as
Sσ = −δVσ
δT
=
Lσ12
eTLσ11
. (29)
Equivalently, one can define spin thermopower Ss
Ss = −δV
s
δT
=
1
2
(S↑ − S↓) = 1
2eT
(
L↑12
L↓11
− L
↑
12
L↓11
)
(30)
in addition to the usual thermopower
S = −δV
δT
=
1
2
(S↑ + S↓) =
1
2eT
(
L↑12
L↑11
+
L↓12
L↓11
)
. (31)
In turn, the heat conductance is then given by
κ =
∑
σ
κσ ≡ 1
T
∑
σ
(
Lσ22 −
Lσ12L
σ
21
Lσ11
)
, (32)
where now both charge and spin currents are assumed to
vanish. Finally, the spin figure of merit can be defined
as ZsT = (2|e|/~)(|Gs|S2sT/κ).
Below we will present some numerical results obtained
from the above formulas. All energy quantities in the
following will be expressed in the units of ∆. For the
superconducting lead, the couplings are: ΓσR = ΓR = rΓ,
where the parameter r takes into account asymmetry in
the couplings of the dot to left and right leads, so ΓL =
Γ. In numerical calculations we assume Γ/∆ = 0.1 and
spin degenerate dot’s energy level, ε↑ = ε↓ ≡ ε, if not
stated otherwise. We will consider separately the case of
zero Coulomb energy on the dot, and finite value of the
parameter U . Let us begin with the former case.
III. NUMERICAL RESULTS FOR U = 0
In this section we present numerical results obtained
for U = 0. To understand better the results in a general
case (magnetic leads) it is instructive and also desirable
to consider first the limit of nonmagnetic leads. There-
fore, we first consider briefly the case of p = 0.
A. Case of nonmagnetic lead, p = 0
In Fig. 2 we show the linear electric conductance G,
thermopower S, electronic contribution to the heat con-
ductance κ, and figure of merit ZT , calculated as a func-
tion of the dot’s level energy ε/∆ for kBT/∆ = 0.1,
Γ/∆ = 0.1, U = 0, p = 0, and for a symmetric coupling
to the left and right leads, r = 1.
The electrical conductance G displays a narrow peak
centered at the Fermi level, ε = 0. Generally, the con-
ductance includes a contribution from the Andreev trans-
mission of Cooper pairs and another contribution from
single-particle tunneling to states above (below) the su-
perconducting gap. Since we consider the linear response
limit, and kBT/∆ << 1, the conductance G in Fig. 2a
originates mainly from the Andreev tunneling. The con-
tribution from single particle tunneling appears at larger
values of ε/∆ ∼ kBT/∆ ∼ 1, as shown below. Since
kBT/∆ ≪ 1, this contribution is much smaller than
that due to Andreev tunneling and is not well visible
in Fig. 2a.
The thermal conductance κ is shown in Fig. 2c as a
function of the dot’s level energy. To understand this
dependence it is worth to remind that the thermal con-
ductance is determined at the condition of zero charge
current, and to note that Andreev tunneling does not
contribute to heat current in a thermally biased system.
The thermal conductance reveals two peaks associated
with single electron tunneling to states above (below)
the gap in the superconducting lead. As one might ex-
pect, these peaks appear at ε/∆ ∼ ±1. Interestingly, the
corresponding peaks in electrical conductance are hardly
seen in Fig. 2a, though they are well seen in the heat
conductance. There are several reasons of this. First,
contribution to heat current of a single particle tunnel-
ing process grows with energy of tunneling electron and
is relatively large – it is of the order of ∆, while contribu-
tion to charge current is independent of electron energy.
Moreover, the contribution of single electron tunneling
processes is obscured in Fig. 2a by a much larger con-
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FIG. 2. Transport and thermoelectric coefficients: (a) electri-
cal conductance, (b) thermopower, (c) thermal conductance,
and (d) figure of merit, calculated as a function of the dot’s
level energy for kBT/∆ = 0.1, Γ/∆ = 0.1, U = 0, p = 0, and
r = 1.
tribution due to Andreev tunneling, while Andreev tun-
neling does not contribute to heat transfer to the super-
conductor in the thermally biased system. Thus, though
the heat conductance due to single electron tunneling is
rather small, it is seen in Fig. 2c. Apart from this, the
temperature assumed in Fig. 2 is relatively low, which
suppresses the single electron tunneling. To increase rel-
ative contribution of single electron tunneling one needs
to increase temperature, as will be seen in the following.
The Seebeck coefficient (thermopower) is shown in
Fig. 2b. The thermopower vanishes exactly in the
particle-hole symmetry point, ε = 0, where the temper-
ature difference does not lead to any charge current. It
also vanishes for ε in the superconducting gap, since the
single electron tunneling processes are then suppressed,
whereas the temperature gradient does not give rise to
Andreev current, as already mentioned above. The ther-
mopower rapidly increases at the edges of the supercon-
ducting gap, |ε| ∼ ∆, where the single electron tunnel-
ing processes are admitted and contribute to charge cur-
rent. Since the thermopower is measured at zero charge
current, one needs to apply a certain voltage to com-
pensate this charge current. The compensating current
includes also a current due to Andreev tunneling. Max-
ima in |S| develop in the vicinity of the maxima in the
density of single particle states near the superconducting
gap edges. When absolute value of ε increases further,
the thermopower in Fig. 2b decreases very slowly. This
behavior appears as a result of a small electrical con-
ductance for large values of |ε|, so the external voltage
applied to suppress the current must be relatively large.
The above behavior of the thermopower S and of the
electrical G and thermal κ conductances leads to the fig-
ure of merit ZT shown in Fig. 2d. Note, the phonon
contribution to the heat conductance is neglected here.
The figure of merit ZT is equal to zero for |ε| in the
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FIG. 3. Transport and thermoelectric coefficients: (a) electri-
cal conductance, (b) thermopower, (c) thermal conductance,
and (d) figure of merit, calculated as a function of the dot’s
level energy for kBT/∆ = 0.4, Γ/∆ = 0.1, U = 0, p = 0, and
r = 1.
superconducting gap, as the thermopower S is negligi-
ble there (see Fig. 2b. Then ZT increases with increas-
ing |ε|, and reaches maxima around the superconducting
gap edges. When |ε| increases further, figure of merit ZT
decreases due to suppressed electrical conductance, but
this decrease is relatively slow due to the reduced ther-
mal conductance. Interestingly, the maximum value of
ZT is of the order of 1.
The results for remarkably higher temperature,
kBT/∆ = 0.4, are shown in Fig. 3. Now, the contribu-
tion of single-electron tunneling is much higher, as clearly
seen in Fig. 3a, where the side peaks are relatively high,
while the central peak due to Andreev tunneling is re-
duced. The thermal conductance (Fig. 3c) is enhanced
by roughly two orders of magnitude in comparison to
that in Fig. 2c, while the thermopower (Fig. 3b) is qual-
itatively and quantitatively similar to the thermopower
in Fig. 2b. In turn, the figure of merit ZT (Fig. 3d)
is significantly enhanced, though its dependence on ε is
qualitatively similar to that in Fig. 2d.
B. Case of magnetic leads, p 6= 0
Let us consider now the situation of spin polarized
transport, i.e. the case when the external metallic lead
is ferromagnetic, p 6= 0. One can observe then not only
the conventional thermopower, but also the spin ther-
mopower, as introduced in Sec. 2. The charge and spin
conductances, the conventional and spin thermopowers,
as well as the corresponding conventional and spin figures
of merit are shown in Fig. 4 for kBT/∆ = 0.1, r = 2 and
p = 0.9. As one might expect, the general variation of
the charge conductance with position of the dot’s level ε,
see Fig.4a, is qualitatively similar to that in the case of
nonmagnetic metallic lead. However, the Andreev contri-
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FIG. 4. Spin thermoelectric coefficients: (a) charge conduc-
tance, (b) spin conductance, (c) thermopower, (d) spin ther-
mopower, (e) figure of merit ZT , and (f) spin figure of merit
ZsT , calculated as a function of the dot’s level energy for
kBT/∆ = 0.1, Γ/∆ = 0.1, U = 0, p = 0.9 and r = 2.
bution is reduced in comparison with the corresponding
one for p = 0. This is in agreement with earlier results on
Andreev transport in quantum dots,95 and also in agree-
ment with the corresponding results for layered hybrid
structures.96 The spin conductance (see Fig. 4b) varies
with ε in a similar way as the single-particle contribution
to charge current, and thus also in a similar way as the
heat conductance, revealing two peaks associated with
single electron tunneling. There is no contribution to
the spin conductance due to Andreev tunneling, which is
rather obvious as the net spin of a Cooper pair is zero, so
Andreev current is not spin polarized. The correspond-
ing charge and spin thermopowers are comparable and
display similar dependence on ε/∆, see Figs 4c,d. How-
ever, the corresponding figures of merit (see Figs. 4e,f)
are remarkably different, i.e. the spin figure of merit
is significantly smaller (roughly by one order of magni-
tude) than the conventional one. This is a consequence
of the fact, that Andreev current is not spin polarized, so
the spin polarization of the total compensating current
is relatively small due to a significant contribution of the
Andreev current.
In Fig. 5 we show the same physical quantities as in
Fig. 4 but for a higher temperature, kBT/∆ = 0.4, keep-
ing the other parameters as in Fig.4. As in the case of
nonmagnetic lead, the contribution from single electron
tunneling is now clearly visible in Fig. 5a as two well re-
solved side maxima. Variation of the spin conductance
(Fig.5b) with ε is similar to that for kBT/∆ = 0.1, ex-
cept the conductance is significantly larger, compare Figs
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FIG. 5. Spin thermoelectric coefficients: (a) charge conduc-
tance, (b) spin conductance, (c) thermopower, (d) spin ther-
mopower, (e) figure of merit ZT , and (f) spin figure of merit
ZsT , calculated as a function of the dot’s level energy for
kBT/∆ = 0.4, Γ/∆ = 0.1, U = 0, p = 0.9 and r = 2.
4b and 5b. As the maximum value of the conventional
thermopower (Fig.5c) is similar to that at lower temper-
ature, the corresponding maxima in spin thermopower
(Fig.5d) are remarkably decreased (roughly by a factor
larger than 2). The corresponding conventional figure of
merit (Fig.5e) is significantly larger, while the increase
in the spin figure of merit (Fig.5f) is rather moderate in
comparison to that in Fig.4f.
IV. EFFECTS OF FINITE U
Consider now the case of nonzero Coulomb correlations
in the dot, i.e. when U is finite. Let us begin with the
case of nonmagnetic metallic lead, p = 0. The corre-
sponding numerical results are shown in Fig. 6 for two
different values of U/∆. The electrical conductance re-
veals now three narrow peaks. These peaks correspond
to Andreev tunneling. The side peaks occur at ε = 0 and
ε = −U , while the central peak appears in the middle be-
tween them (particle-hole symmetry point). Separation
of the side peaks is equal to U , while their height is in-
dependent of the Coulomb parameter U . In turn, height
of the central peak decreases with increasing U . Apart
from the three Andreev peaks, there is also a small con-
tribution from tunneling of single electrons, see the weak
side peaks at ε = ∆ and ε = −∆− U .
The heat conductance [Fig. 6(c,g)] as a function of ε
reveals not only the weak side peaks which may be at-
tributed to single electron transport, but also narrow and
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FIG. 6. Thermoelectric coefficients: (a,e) charge conduc-
tance, (b,f) thermopower, (c,g) heat conductance, and (d,g
) figure of merit ZT , calculated as a function of the dot’s
level energy for kBT/∆ = 0.2, Γ/∆ = 0.1, p = 0, r = 1, and
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FIG. 7. Thermoelectric coefficients: (a) charge conductance,
(b) thermopower, (c) heat conductance, and (d) figure of
merit ZT , calculated as a function of the dot’s level energy
for kBT/∆ = 0.2, Γ/∆ = 0.1, r = 1, U/∆ = 1 and indicated
values of p.
relatively high peaks which correspond to ε where the
Andreev peaks in the charge conductance occur. Taking
into account the fact that thermal conductance is deter-
mined on the condition of zero charge current, one can
note that these peaks follow from the interplay of tun-
neling of single electrons and Cooper pairs. Due to the
more complex behavior of charge conductivity with ε, the
resulting thermopower is also more complex, as shown in
Fig. 6(b,f). The maximum values of the thermopower ap-
pear close to the side peaks in the electrical conductance
and are roughly the same for both values of U assumed
in Fig. 6. In turn, the figure of merit reaches maximum
values close to the points where |S| has maxima. In-
terestingly, for larger U some small peaks in ZT appear
between the high side peaks, which correspond to the
narrow maxima in |S| close the particle-hole symmetry
point.
Numerical results for the case of magnetic lead in the
absence of spin accumulation are shown in Fig. 7 for sev-
eral values of the polarization factor p, while the other
parameters are kept constant. The charge conductance
depends rather significantly on the polarization factor p,
as follows from Fig. 7a. This problem was already dis-
cussed above and is due to suppression of Andreev tun-
neling with increasing p. Remarkably weaker dependence
on p takes place in the case of heat conductance (Fig. 7b).
This dependence appears mainly at the peaks which are
associated with the peaks in Andreev tunneling, while the
peaks associated with single electron tunneling are only
weakly dependent on p. This behavior is a consequence of
external voltage applied to suppress charge current when
determining the heat conductance, as already described
earlier. Similarly, the thermopower (Fig. 7b) and figure
of merit (Fig. 7d) are weakly dependent on p, too.
Let us now briefly discuss the thermoelectric parame-
ters in the presence of finite spin accumulation. In Fig. 8
we show these parameters for indicated values of the spin
polarization factor p. First of all, the charge conductance
reveals a strong response on the change of spin polariza-
tion. As for the case of no spin accumulation (see Fig. 7a)
the conductance decreases with increasing p due to sup-
pression of Andreev reflection processes discussed above.
The spin conductance acquires higher values for larger
spin polarization factor, see Fig. 8b, which is rather ob-
vious as the spin conductance is a measure of the dif-
ference in conductances of both spin channels. Opposite
to the noninteracting case, the spin conductance exhibits
now peaks in the sub-gap region. Similarly, more com-
plex behavior can be noticed in the conventional ther-
mopower (Fig. 8c), and even more pronounced in the
spin thermopower (Fig. 8d). These features can be ex-
plained in the same way as earlier for the non-polarized
case. Moreover, the conventional thermopower only very
weakly depends on the spin polarization factor, similarly
as in the case without spin accumulation. This does not
hold for the spin Seebeck coefficient which strongly varies
with increasing p factor. It grows with increasing p and
reaches a maximum value for half metallic lead, i. e. for
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FIG. 8. Spin thermoelectric coefficients: (a) charge conduc-
tance, (b) spin conductance, (c) thermopower, (d) spin ther-
mopower, (e) figure of merit ZT , and (f) spin figure of merit
ZsT , calculated as a function of the dot’s level energy for in-
dicated values of spin polarization p and for kBT/∆ = 0.2,
Γ/∆ = 0.1, U/∆ = 1, and r = 2.
p → 1 (not shown). Obviously, both Gs and Ss vanish
for p = 0. The corresponding spin analog of the figure
of merit, ZsT , shown in Fig. 8f, grows with increasing
p, which results from the increase of |Ss| and Gs and a
decrease of the heat conductance κ (not shown). In turn,
the figure of merit ZT , weakly decreases as p grows. This
follows the corresponding dependence of ZT calculated
for the case without spin accumulation (see Fig. 7 for
comparison).
V. SUMMARY
Using the nonequilibrium Green function method, we
have analyzed transport and thermoelectric properties of
a quantum dot attached to one metallic (ferromagnetic in
a general case) and one superconducting lead. Coulomb
correlations in the dot have been taken into account. The
main focus was on thermoelectric properties, like ther-
mopower and figure of merit, including also spin ther-
mopower and spin thermoelectric efficiency. Our consid-
erations were limited to the linear response regime, where
we calculated electric, spin, and thermal conductances
as well as the thermpower, spin thermopower, figure of
merit, and spin figure of merit. These characteristics, in
general, depend remarkably on the relative temperature,
i.e. temperature measured with respect to the suercon-
ducting gap.
It has been shown that single-particle transport to
states above (below) the superconducting gap is responsi-
ble for pronounced thermoelectric properties, while An-
dreev tunneling itself creates neither heat current nor
thermopower. However, there is a strong influence of
the Andreev tunneling (which contributing to the charge
conductance) on the thermoelectric properties, which fol-
low from the fact that both heat conductance and ther-
mopower are defined at zero charge current. Thus, An-
dreev tunneling comes into play via the compensating
current and leads to remarkable features in the heat
conductance as well as in thermopower and figure of
merit (including also spin thermopower and spin figure
of merit).
Due to a strong increase in density of single-particle
states near the superconducting gap edges, the ther-
mopower as well as the figure of merit, both conventional
and spin ones, achieve quite remarkable values. More-
over, it is also shown that Coulomb correlations in the
dot have a significant impact on the transport and ther-
moelectric coefficients.
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